We prove that every unital simple separable C*-algebra A with finite decomposition rank which satisfies the UCT has the property that A ⊗ Q has generalized tracial rank at most one, where Q is the universal UHF-algebra. Consequently, A is classifiable in the sense of Elliott.
Introduction
In a recent development in the Elliott program, the program of classification of amenable C*-algebras, a certain class of finite unital simple separable amenable C*-algebras, denoted by N 1 , was shown to be classified by the Elliott invariant ( [14] ). One important feature of this class of C*-algebras is that it exhausts all possible values of the Elliott invariant for unital simple separable C*-algebras which have finite decomposition rank (a property introduced in [19] ; see Definition 2.10 below).
The purpose of this note is to show that, in fact, every unital simple separable (nonelementary) C*-algebra which has finite decomposition rank and satisfies the Universal Coefficient Theorem (UCT) is in the class N 1 . Since every C*-algebra in N 1 was shown in [14] to be isomorphic to the inductive limit of a sequence of subhomogeneous C*-algebras with no dimension growth, the C*-algebras in N 1 have finite decomposition rank. In other words, the class N 1 is precisely the class of all unital simple separable (non-elementary) C*-algebras which have finite decomposition rank and satisfy the UCT, and hence we obtain a classification for all of these C*-algebras: Theorem 1.1. Let A be a unital simple separable (non-elementary) C*-algebra with finite decomposition rank, and assume that A satisfies the UCT. Then A ∈ N 1 . (See Definition 2.6, below.) Hence, if A and B are two (non-elementary) unital simple separable C*-algebras with finite decomposition rank which satisfy the UCT, then A ∼ = B if, and only if,
In fact, we shall obtain (see Theorem 4.4, below) the formally stronger result that every finite unital simple separable (non-elementary) C*-algebra with finite nuclear dimension, which satisfies the UCT, and whose tracial states are all quasidiagonal, is in the class N 1 . This result, combined with the recent result of [29] (that the quasidiagonality hypothesis is redundant), yields that the class N 1 includes all finite unital simple separable C*-algebras with finite nuclear dimension which satisfy the UCT-see 4.9 below. (The case of infinite unital simple separable C*-algebras with finite nuclear dimension was dealt with fifteen years ago by Kirchberg and Phillips-see 4.10 below.)
In a recent paper, [11] , Elliott and Niu proved that every unital simple separable (nonelementary) C*-algebra A with finite decomposition rank, satisfying the UCT, and such that Definition 2.5. Let A and B be unital C*-algebras and let L : A → B be a contractive completely positive map. Let G be a finite subset of A and δ > 0. Recall that L is said to be G-δ-multiplicative if L(x)L(y) − L(xy) < δ for all x, y ∈ G. Given a finite subset P of projections in A, if G is sufficiently large and δ is sufficiently small, then there is a projection q ∈ B such that L(p) − q < 1/4. Moreover, for each projection p ∈ G, if δ < 1/4, then the projection q can be chosen such that L(p) − q < 2δ.
(2.1)
Note that if q ′ ∈ B is another projection such that L(p) − q ′ < 1/4, then p and q are unitarily equivalent. Recall that [L(p)] often denotes this equivalence class of projections (see e.g. [20] ).
As usual, when [L(p)] is written, it is understood that G is sufficiently large and δ is sufficiently small that [L(p)] is well defined.
Definition 2.6 ([14]
). Let A be a unital simple separable C*-algebra. Let us say that A has rational generalized tracial rank at most one if gTR(A ⊗ Q) ≤ 1. Let us say that, in addition, A belongs to the class N 1 if it satisfies the UCT ( [28] ), and is Jiang-Su stable, i.e., invariant under tensoring with the Jiang-Su C*-algebra ( [17] ; see also [9] ). As pointed out above, it follows from [14] (together with [31] ) that, instead of the last property, it is equivalent to assume finite decomposition rank (or even just finite nuclear dimension); see Definition 2.10 below. (This fact is of interest in itself, and is also pertinent in the present context, as it enables the statement of Theorem 1.1-and indeed our proof of it consisting of a reduction to [14] -to be read without reference to the somewhat technical definition of the Jiang-Su algebra.) (Of course, it is an interesting question whether the assumption of finite decomposition rank in Theorem 1.1 might,à la Toms-Winter (see [15] ), be replaced by Jiang-Su stability, together with Murray-von Neumann finiteness.)
The following are the main results of [14] : Theorem 2.7. Let A and B be two unital C*-algebras in N 1 . Then A ∼ = B if and only if Ell(A) ∼ = Ell(B), i.e., A ∼ = B if and only if
Moreover, any isomorphism between Ell(A) and Ell(B) can be lifted to an isomorphism between A and B.
Theorem 2.8. For any non-zero countable weakly unperforated simple ordered group G 0 with order unit u, any countable abelian group G 1 , any non-empty metrizable Choquet simplex T , and any surjective affine map r : T → S u (G 0 ) (S u (G 0 ) is the state space of G 0 -always nonempty), there exists a (unique) unital simple C*-algebra C in N 1 , which is the inductive limit of a sequence of subhomogeneous C*-algebras with two-dimensional spectrum, such that
Definition 2.9. Let A and B be C*-algebras. Recall ( [19] ) that a completely positive map ϕ : A → B is said to have order zero if
Definition 2.10 ( [19] , [33] ). A C*-algebra A has nuclear dimension at most n, if there exists a net (F λ , ψ λ , ϕ λ ), λ ∈ Λ, such that the F λ are finite dimensional C*-algebras, and such that ψ λ : A → F λ and ϕ λ : F λ → A are completely positive maps satisfying
is a contractive order zero map.
Moreover, if the the map ϕ λ can be chosen to be contractive itself, then A is said to have decomposition rank at most n.
(Recall that finite nuclear dimension immediately implies nuclearity, which by [6] and [16] is equivalent to amenability.)
The main theorem of this paper is that the class N 1 of C*-algebras actually contains (and hence coincides with) the class of all (non-elementary) unital simple separable C*-algebras with finite decomposition rank which also satisfy the UCT. In particular it follows (on using both 2.7 and 2.8) that every such C*-algebra is the inductive limit of a sequence of subhomogeneous C*-algebras (with no dimension growth).
Some existence theorems
Lemma 3.1. Let A be a unital simple separable amenable quasidiagonal C*-algebra satisfying the UCT. Assume that A ∼ = A ⊗ Q.
Let a finite subset G of A and
(where tr denotes the unique trace state on Q), and δ > 0, such that, for any r 1 , r 2 , ..., r s ∈ Q with |r i | < δ, i = 1, 2, ..., s,
there is a G-ǫ 1 -multiplicative completely positive map µ : A → Q, with µ(1) = σ(1), such that
Proof. Let us agree that σ and µ (to be constructed below) are also understood to be required to be sufficiently multiplicative on 
We may regard α i as an element of KL(A, Q) (see [8] ). Since A is a unital simple amenable quasidiagonal C*-algebra, by [2] , A is a unital simple strong NF-algebra. It follows from [2] that A = ∞ n=1 A n , where {A n } is an increasing sequence of unital, amenable, residually finitedimensional C*-algebras. It follows from Theorem 5.9 of [20] that there are G-ǫ 1 -multiplicative completely positive maps σ i , µ i : A → Q ⊗ K such that σ i (1 A ) and µ i (1 A ) are projections, and
. Therefore, without loss of generality, we may assume that
Consider the projection
and the unital G-ǫ 1 -multiplicative completely positive map
Note that P (Q ⊗ K)P ∼ = Q. Choose a projection R ∈ Q ⊗ K with 0 < tr(R)≤ min{1, ǫ 2 } and a rescaling
Consider the map
and the strictly positive number
(Here, tr denotes the tensor product of the traces on Q and K, normalized in the usual way.) Note that since tr(R)≤1, one has tr(σ(1)) = tr(R)≤1, and so we may regard σ as a map from A to Q (rather than Q ⊗ K). Let us show that σ and δ satisfy the condition of the lemma. Let r 1 , r 2 , ..., r s ∈ Q be given with
For each i = 1, 2, ..., s, choose a projection R i ∈ Q ⊗ K with tr(R i ) = |r i |, and choose a rescaling
where e is a minimal non-zero projection of K. For each i = 1, 2, ..., s, consider the pair of maps
Then, for each i = 1, 2, ..., s,
Consider the direct sum maps
It follows from (3.1) and (3.2) that
Note that
there is a rescaling
Consider the completely positive map
as desired (with µ being regarded as a map from A to Q, as µ(1) = σ(1)).
Remark 3.2. The assumption that A is amenable in 3.1 can be removed. In the proof one can apply Theorem 5.5 of [7] in place of Theorem 5.9 of [20] .
Let l, r = 1, 2, ... be given. In the rest of the paper, we identify K 0 (Q l ) with Q l (and
and therefore
Lemma 3.3. Let A be a unital simple separable amenable quasidiagonal C*-algebra satisfying the UCT. Assume that A ∼ = A ⊗ Q. Let G be a finite subset of A, let ǫ 1 , ǫ 2 > 0, and let p 1 , p 2 , ..., p k ∈ A be projections such that
There exists δ > 0 satisfying the following condition.
Let ψ k : Q l → Q r , k = 0, 1, be unital homomorphisms, where l, r = 1, 2, ... . Set
There exists a G-ǫ 1 -multiplicative completely positive map Σ : A → Q l , such that Σ(1 A ) is a projection, with the following properties:
and, for any r 1 , r 2 , ..., r s ∈ Q r satisfying
where
Proof.
Applying Lemma 3.1, we obtain a G-ǫ 1 -multiplicative σ : A → Q and δ > 0 satisfying the conclusion of Lemma 3.1 with respect to G, ǫ 1 , ǫ 2 , and P. Let us show that δ is as desired. For a given integer l = 1, 2, ..., consider the map Σ : A → Q l , the sum of l copies of σ,
Let us show that Σ has the required properties. Let r = 1, 2, ... and ψ k : Q l → Q r , k = 0, 1, be given (as in the statement of the condition on δ to be verified). Since ψ 0 and ψ 1 are assumed to be unital,
where [σ(p i )] is regarded as a rational number. In other words,
Let r 1 , r 2 , ..., r s ∈ Q r be given such that |r i,j | < δ, j = 1, 2, ..., r and i = 1, 2, ..., s. Let us show that µ exists as required.
Fix j = 1, 2, ..., r and let µ j : A → Q (in place of µ) denote the G-ǫ 1 -multiplicative completely positive map given by Lemma 3.1 for the s-tuple r 1,j , r 2,j , ..., r s,j . That is,
Lemma 3.4. Let A be a unital simple separable amenable quasidiagonal C*-algebra satisfying the UCT. Assume that A ∼ = A ⊗ Q. Let G ⊂ A be a finite subset, let ǫ 1 , ǫ 2 > 0 and let p 1 , p 2 , ..., p s ∈ A be projections such that
Then there exists δ > 0 satisfying the following condition.
Let
and, for any r 1 , r 2 , ..., r s ∈ Q l satisfying
where r i = (r i,1 , r i,2 , ..., r i,l ), i = 1, 2, ..., s, there is a G-ǫ 1 -multiplicative completely positive map
Proof. This is similar to the proof of Lemma 3.3.
Applying Lemma 3.1, we obtain a G-ǫ 1 -multiplicative σ : A → Q and δ > 0 satisfying the conclusion of Lemma 3.1 with respect to (G, ǫ 1 , ǫ 2 ). Let us show that δ is as desired. Consider the map Σ : A → Q l , the sum of l copies of σ,
for a given l = 1, 2, ... . Then the same argument as that of Lemma 3.1 shows that
It is also clear that
Let r 1 , r 2 , ..., r k ∈ Q l be given such that |r i,j | < δ, j = 1, 2, ..., l and i = 1, 2, ..., s. Let us show that µ exists as required.
Fix j = 1, 2, ..., r and let µ j : A → Q (in place of µ) denote the G-ǫ 1 -multiplicative completely positive map given by Lemma 3.1 for the s-tuple r 1,j , r 2,j , ..., r s,j . That is, µ j (1 A ) = σ(1 A ), and
The main result
Let us begin by recalling the (stable) uniqueness result used in [11] :
Lemma 4.1 (Corollary 2.6 of [11] ; see also Lemma 4.14 of [14] , and Definition 5.6 and Theorem 5.9 of [21] ). Let A be a simple, unital, amenable, separable C*-algebra which satisfies the UCT. Assume that A ∼ = A ⊗ Q. For any ǫ > 0, any finite subset F of A, there exist δ > 0, a finite subset G ⊂ A, a finite subset P of projections in A, and an integer n ∈ N with the following property.
For any three completely positive contractions ϕ, ψ, ξ : A → Q which are G-δ-multiplicative,
for all p ∈ P, and tr(ϕ(1)) = tr(ψ(1)) < 1/n, where tr is the unique tracial state of Q, there exists a unitary u ∈ Q such that u
The following two existence results are related to Lemma 16.9 of [14] (and its proof).
Lemma 4.2. Let A be a unital simple separable amenable C*-algebra which satisfies the UCT. Assume that A ⊗ Q ∼ = A. For any ǫ > 0 and any finite subset F of A, there exist δ > 0, a finite subset G of A, and a finite subset P of projections in A with the following property.
Let ψ, ϕ : A → Q be two unital G-δ-multiplicative completely positive maps such that
Then there is a unitary u ∈ Q and a unital F-ǫ-multiplicative completely positive map L :
for a finite set H ⊂ A and ǫ ′ > 0, then L may be chosen such that
Here,
Proof. This is a direct application of the stable uniqueness theorem (Corollary 2.6) of [11] , restated as Lemma 4.1 above. Let F ⊂ A be a finite subset and let ǫ > 0 be given. We may assume that 1 A ∈ F and every element of F has norm at most one. Write
Note that F ⊆ F 1 . Let δ, G, P, and n be as assured by Lemma 4.1 for F 1 and ǫ/4. We may also assume that F ⊂ G and δ ≤ ǫ/4.
Since Q ∼ = Q ⊗ Q, we may assume, without loss of generality, that ϕ(a), ψ(a) ∈ Q ⊗ 1. Pick mutually equivalent projections e 0 , e 1 , e 2 , ..., e n ∈ Q satisfying n i=0 e i = 1 Q . Then, consider the maps ϕ i , ψ i : A → Q ⊗ e i Qe i , i = 0, 1, ..., n, which are defined by ϕ i (a) = ϕ(a) ⊗ e i and ψ i (a) = ψ(a) ⊗ e i , a ∈ A, and consider the maps
Since e i is unitarily equivalent to e 0 for all i, one has
and in particular,
Note that, for each i = 0, 1, ..., n,
where ∼ denotes the relation of unitary equivalence. In view of this, and (4.4), applying Lemma 4.1 we obtain unitaries u i ∈ Q, i = 0, 1, ..., n, such that
Put t i = i/(n + 1), i = 0, 1, ..., n + 1, and define L :
By construction,
Moreover, if there is a finite set H such that (4.2) holds, it is then also straightforward to verify that L satisfies (4.3), as desired. (In particular, this entails that T(A) = Ø.) Then there is a unital F-ǫ-multiplicative completely positive map L :
Proof. Let ǫ, σ and F be given. We may assume that every element of F has norm at most one. Let δ 1 (in place of δ), G, and P be as assured by Lemma 4.2 for F and ǫ. We may assume that F ∪ P ⊂ G.
Adjoining 1 A to P, write P = {1 A , p 1 , p 2 , ..., p s }. Deleting one or more of p 1 , p 2 , ..., p s (but not 1 A ), we may assume that the set
Let δ 2 > 0 (in place of δ) be as assured by Lemma 3.1 for ǫ 1 = δ 1 , ǫ 2 = σ/4, G, and {p 1 , p 2 , ..., p s }. Put δ = min{δ 1 , δ 2 /8, 1/4}, and let us show that P and δ are as desired. Let κ and λ be given satisfying (4.7). Let λ * : Aff(T(A)) → Aff(T(C)) be defined by λ * (f )(τ ) = f (λ(τ )) for all f ∈ Aff(T(A)) and τ ∈ T(C). Identify ∂ e (T(C)) with [0, 1], and put η = min{δ, σ/12}. Choose a partition 0 = t 0 < t 1 < t 2 < · · · < t n−1 < t n = 1 of the interval [0, 1] such that |λ * (ĝ)(t j ) − λ * (ĝ)(t j−1 )| < η, g ∈ G, j = 1, 2, ..., n.
(4.9)
Since T(A) = T qd (A), there are unital G-δ-multiplicative completely positive maps Ψ j : A → Q, j = 0, 1, 2, ..., n, such that
(4.10)
It then follows from (2.1), (4.10), and (4.7) that, for each i = 1, 2, ..., s and each j = 1, 2, ..., n,
(Here, as before, π t is the point evaluation at t ∈ [0, 1].) We also have, by (4.9) and (4.10), that
Consider the differences
By (4.11), r i,j < δ 2 . Applying Lemma 3.1 we obtain a projection e ∈ Q with tr(e) < σ/4 and G-δ 1 -multiplicative unital completely positive maps ψ 0 , ψ j : A → eQe, j = 1, 2, ..., n, such that
Since δ ≤ δ 1 , these are G-δ 1 -multiplicative. By (4.13) and (4.14),
Define s : Q → Q by s(x) = x/(1 + tr(e)), x ∈ Q. Choose a (unital) isomorphism
Consider the composed maps, still G-δ 1 -multiplicative, and now unital,
and by (4.12) and the fact that tr(e) < σ/4,
It follows by Lemma 4.2, applied successively for j = 1, 2, ..., n (to the pairs (
, that there are, for each j, a unitary u j ∈ Q and a unital F-ǫ-multiplicative completely positive map
and
Furthermore, in view of (4.16), we may choose the maps L j such that
Since L j , j = 1, 2, ..., n, are F-ǫ-multiplicative (use (4.17) and (4.18)), we have that L is a unital Proof. Since A is simple, the assumption T(A) = T qd (A) = Ø immediately implies that A is both stably finite and quasidiagonal. We may assume that A ⊗ Q ∼ = A. With this assumption, by [27] , A has stable rank one. By [9] (see also Corollary 13.47 of [14] ), together with the assumption A ∼ = A ⊗ Q, there is a unital simple C*-algebra C = lim n→∞ (C n , ı n ), where each C n is the tensor product of a C*-algebra in C 0 with Q and ı n is injective, such that
Choose an isomorphism Γ as above, and write Γ Aff for the corresponding map from Aff(T(A)) to Aff(T(C)).
Let a finite subset F of A and ǫ > 0 be given. Let the finite set P of projections in A, the finite subset G of A, and δ > 0 be as assured by Lemma 4.2 for F and ǫ. We may assume that 1 A ∈ P. Write P = {1 A , p 1 , p 2 , ..., p s }. Deleting some elements (but not 1 A ), we may assume that the set
We may also assume, without loss of generality, that F ∪ P ⊂ G, δ ≤ ǫ, and every element of G has norm at most one.
Let σ > 0. Let δ 1 > 0 (in place of δ) be as assured by Lemma 3.3 for G, δ (in place of ǫ 1 ), and σ/64 (in place of ǫ 2 ). We may assume that δ 1 ≤ 8δ. Let δ 3 > 0 (in place of δ) be as assured by Lemma 3.4 for G, δ 1 /8 (in place of ǫ 1 ) and min{δ 1 /32, σ/256} (in place of ǫ 2 ).
Let P 1 (in place of P) and δ 2 > 0 (in place of δ) be as assured by Lemma 4.3 for δ 1 /8 (in place of ǫ), min{δ 1 /32, σ/256} (in place of σ), and G (in place of F). Replacing P and P 1 by their union, we may assume that P = P 1 .
By Lemma 2.7 of [11] , there is a unital positive linear map
We may assume, without loss of generality, that there are projections
To simplify notation, assume that n 1 = 1. Let G 0 denote the subgroup of K 0 (A) generated by P. Since G 0 is free abelian, there is a homomorphism
We may assume (since P is a basis for G 0 ) that
Since the pair (Γ Aff , Γ| K 0 (A) ) is compatible, as a consequence of (4.20) and (4.21) we have
where ψ 0 , ψ 1 : Q l → Q r are unital homomorphisms.
Denote by
the canonical quotient map, and by j :
Denote by γ * : T(C 1 ) → T(A) the continuous affine map dual to γ. Denote by θ 1 , θ 2 , ..., θ l the extreme tracial states of C 1 factoring through π e : C 1 → Q l . By the assumption T(A) = T qd (A), there exists a unital G-min{δ 1 /8, δ 3 /8}-multiplicative completely positive map Φ : A → Q l such that
where tr j is the tracial state supported on the jth direct summand of Q l . Moreover, since P ⊂ G, as in (2.1), we also have that
It follows from (4.23) that 25) where (π e ) Aff : Aff(T(C 1 )) → Aff(T(Q l )) is the map induced by π e . By (4.25) for a ∈ P ⊂ G, together with (4.24) and (4.22),
Therefore, applying Lemma 3.4, with
Consider the (unital) direct sum map
Note that Φ ′ , like µ 1 and Φ, is G-δ 1 /8-multiplicative. It follows from (4.28) that for each i = 1, 2, ..., s,
It follows from (4.30) and (4.31), in view of (4.27) and the fact (use (4.21
, and (as before) write π t : B → Q r for the point evaluation at t ∈ [0, 1]. Since 1 A ∈ P, by (4.27), [Σ 1 (1 A )] ∈ D, and so there is a projection e 0 ∈ B such that π 0 (e 0 ) = ψ 0 (Σ 1 (1 A ) ) and π 1 (e 0 ) = ψ 1 (Σ 1 (1 A ) ). It then follows from (4.26) (applied just for τ factoring through ψ 0 -alternatively, for τ factoring through ψ 1 ) that τ (e 0 ) < min{δ 1 /32, σ/256}, τ ∈ T(B). Note that for any element a ∈ C 1 , τ (ψ 0 (π e (a))) = τ (π 0 (j(a))) and τ (ψ 1 (π e (a))) = τ (π 1 (j(a))), τ ∈ T(Q r ). (4.37) (Recall that j : C 1 → B is the canonical map.) Therefore (by (4.37)), for any a ∈ G and τ ∈ T(Q r ),
(by (4.25) ). (4. 38)
The same argument shows that
Then, for any τ ∈ T(Q r ) and any a ∈ G, we have
(by (4.38)).
The same argument, using (4.39) instead of (4.38), shows that
((4.40) and (4.41)-the σ estimates-will be used later to verify (4.49) and (4.50).) Noting that Ψ and Φ ′ are δ 1 /8-multiplicative on {1 A , p 1 , p 2 , ..., p s }, by our convention (see (2.1)), we have, for all τ ∈ T(Q r ),
Combining these inequalities with (4.40) and (4.41), we have
Therefore (in view of (4.42)), applying Lemma 3.3 with
, we obtain G-δ-multiplicative completely positive maps Σ 2 : A → Q l and µ 2 : A → Q r , taking 1 A into projections, such that
and, taking into account (4.44),
where i = 1, 2, ..., s.
Consider the four G-δ-multiplicative direct sum maps (note that Φ ′ and Ψ are G-δ 1 /8-multiplicative, and δ 1 ≤ 8δ), from A to M 3 (Q r ),
We then have that for each i = 1, 2, ..., s,
= 0 (by (4.46)), and
Note also that, by construction,
Summarizing the calculations in the preceding paragraph, we have
On the other hand, for any a ∈ F ⊆ G and any τ ∈ T(Q r ), we have The same argument, using (4.41) instead of (4.40), also shows that
Since 1 A ∈ P, by (4.44), [Σ 2 (1 A )] ∈ D, and so there is a projection e 1 ∈ B such that π 0 (e 1 ) = ψ 0 (Σ 2 (1 A )) and π 1 (e 1 ) = ψ 1 (Σ 2 (1 A )). It then follows from (4.45) (applied just for τ factoring through ψ 0 -alternatively, for τ factoring through ψ 1 ) that τ (e 1 ) < σ/64, τ ∈ T(B).
(4.51)
, and
(4.52)
It follows from Lemma 4.2 (in view of (4.48), (4.49) and (4.50)) that there exist unitaries u 0 ∈ D 0 and u 1 ∈ D 1 , and unital F-ǫ-multiplicative completely positive maps
where a ∈ F, τ ∈ T(Q r ), and (as before) π t is the point evaluation at t ∈ [−r ′ , 1 + r ′ ].
There exists a unitary u ∈ B 1 such that u(0) = u 0 and u(1) = u 1 . Consider the projection
Define a unital F-ǫ-multiplicative (note that F ⊂ G and δ ≤ ǫ) completely positive map
(4.57)
Note that for any a ∈ G, and any τ ∈ T(Q r ), by (4.57
(by (4.43) and (4.45))
< min{δ 1 /16, σ/128} + σ/64 ≤ 3σ/128 (by (4.36)), (4.58) where π * t : T(Q r ) → T(B) is the dual of π t : B → Q r . Furthermore, if t ∈ [−r ′ , 0], then for any a ∈ F, and any τ ∈ T(Q r ), Let us modify L ′ to a unital map from A to B. First, let us renormalize L ′ . Consider the isomorphism η : Q r → Q r defined by η(x 1 , x 2 , ..., x r ) = ( 1 tr 1 (E 3 )
x 1 , 1 tr 2 (E 3 )
x 2 , ..., 1 tr r (E 3 )
x r ), for all (x 1 , x 2 , ..., x r ) ∈ Q r , where (as before) tr k is the tracial state supported on the kth direct summand of Q r . Then there is a (unital) isomorphism ϕ : B 2 → C([−r ′ , 1 + r ′ ], Q r ) such that ϕ * 0 = η. Let us replace the map L ′ by the map ϕ • L ′ , and still denote it by L ′ . Note that it follows from (4.58), (4.33) , and (4.51) that for any t ∈ [0, 1], any a ∈ F, and any τ ∈ T(Q r ),
|τ (π t (L ′ (a))) − γ 1 (π where
, j = 1, 2, ..., l, (4.67) and (as before) tr j is the tracial state supported on the jth direct summand of Q l . There exists a unital homomorphismφ :
Therefore, by the constructions of L ′′ , L ′ , L 0 , and L 1 ((4.64), (4.57), (4.53), and (4.54)), we may assume that Moreover, for any a ∈ F, any τ ∈ T(Q r ), and any t ∈ (0, 1), it follows from (4.66) that |τ (π t (L(a))) − γ 1 (π * t (τ ))(a)| < 51σ/128. Since each extreme trace of C 1 factors through either the evaluation map π t or the canonical quotient map π e , by (4.69), |τ (L(a)) − γ * (τ )(a)| < 51σ/128, τ ∈ T(C 1 ), a ∈ F. Since F, ǫ, and σ are arbitrary, in this way we obtain a sequence of unital completely positive maps H n : A → C such that It follows from Lemma 3.4 of [22] (which used results obtained in [25] and [32] ) that gTR(A⊗Q) ≤ 1. Since A ∼ = A ⊗ Q, A is Z-stable and therefore it is in N 1 .
